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The observed intensities for each zone were scaled 
together and processed by means of a least-squares 
program (Milledge & Walley, to be published) which 
proved very efficient in el iminating gross errors of  in- 
dexing, intensity est imation and punching, as well as 
providing experimental  weights. These weights were in 
fact used in the refinement, but are not likely to have 
had a very large effect on the final result since there 
was already a fairly even distribution of AF values 
among the observed reflexions. The results appear  to 
indicate that  molecular orientations derived from inertia 
calculations on coordinates obtained by refining rel- 
atively inaccurate data do have a much greater signific- 
ance than the coordinates themselves. All estimates of 
errors derived from these diagonal SFLS refinements 
are certainly lower limits. 
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Thermal coefficients have been measured for anthraquinone at five different temperatures. These in- 
dicated that the oxygen atom possessed a large independent out-of-plane libration. This was con- 
firmed by treating first the whole molecule and then the anthracene nucleus alone as if they were rigid 
bodies, and noting the differences in the T, ca values thus determined. These were particularly large 
for col ~. This method of using successively smaller parts of the molecule as a basis for a rigid-body 
thermal analysis seems capable of extension to more complicated molecules. A critical consideration 
of the individual values of (U o b s -  U calc)t~ may also reveal large discrepancies which are consistent 
at different temperatures, even when the average value is similar to the e.s.d, for the experimental data. 
Such an inspection has revealed a translatory vibration of the anthracene nucleus along the inertia 
axis L, relative to the oxygen atom. This may be a consequence of the strong intermolecular C(6)(000) --- 
O(8)(J2-½0) bond, combined with the large out-of-plane 0(8) libration. There is no sign of any accom- 
panying out-of-plane libration of the outer carbon atoms, such as would be expected for a 'butterfly' 
motion. 

Dur ing an investigation of the crystal structure, thermal  
vibrations and thermal  expansion of anthraquinone,  
for which measurements  were made at five temperat- 
ures (Lonsdale, Milledge & E1 Sayed, 1966) it was 
noticed that  the thermal  vibrat ion of the oxygen atoms 
normal  to the molecular plane (Fig. 1) was rather larger 
at all temperatures than would have been expected by 
comparison with the remainder  of the molecule. In 
order to test whether this could conceivably be due to 
a part icularly large l ibration about  the L axis the values 
of the Ufj were computed and hence the T, ca matrices 

(Cruickshank's  notation), with a program written for 
Pegasus by one of us (D.W.). 

The calculations were carried out: 
(1) For  the whole molecule, which is centrosymmetri-  

cal. 
(2) For  the anthracene nucleus alone, omitt ing oxygen 

atoms. 
If  the r igid-body hypothesis were adequate, then the 

T, ca matrices obtained for (1) and (2) should be ef- 
fectively identical. In fact they were very different, the 
main  difference being that  the presence of  the oxygen 
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T a b l e  1. Anthraquinone: Comparison of  T~, ooij calculated on the assumption that (a) all atoms (b) all carbon atoms 
only vibrate as a rigid body: all at.five temperatures 

(1) All a toms 
Tll T22 

T 
+ 20.5 °C 4.30 2-98 
- 12.5 3"47 2"70 
- 7 2  2.89 2.39 

- 112 2"62 2.04 
- -  1 7 0  1 . 9 4  1 . 3 5  

02~J O911 O922 
T 

+ 20.5 °C 29.26 1.35 
- 12-5 20.45 0.72 
- 72 17.90 2.56 

- 112 16.29 0.95 
- 170 8.99 - 0.03 

(2) Molecule  less oxygen a toms  

T33 T23 T31 T12 

2"64 0"07 0"46 - 0"81 
2"40 0"07 0"08 - 0"24 
0"86 0"57 0"09 - 0-21 
1"08 0"28 0"05 --0"13 
1"00 0"17 - 0 " 1 6  -0"25  

O933 O923 (-O31 (O12 

10.14 - 0.20 4.04 - 0"20 
7.16 - 0 . 6 9  - 1"31 - 1"18 
4-73 0"56 0-56 - 1.25 
3"94 0.66 0"66 - 0"53 
1"58 - 0.03 - 0.85 - 0"79 

Tll T22 T33 T23 T31 T12 
T 

+ 20"5 °C 4"46 2"88 3"37 0" 19 0"47 - 0"86 
- 12"5 3"54 2-56 3"48 0"03 0"08 - 0"28 
- -  72 3"00 2" 30 1" 65 0" 52 0"09 - 0"29 

- 112 2"70 1"87 1"47 0.26 0"06 - 0.16 
- 170 2"02 1.17 1"43 0"18 - 0-16 - 0.26 

1 0 -2 A 2 

0211 0222 0933 O223 0231 0212 
T 

+ 20"5 °C 
--12"5 
- -72 

--112 
- -  170 

deg. 2 

10-2 A2 

10.11 0.69 10.96 0.13 5.88 - 0 - 2 0  deg2 
--7.78 - 0 . 2 6  7-81 - 0 . 8 2  - 1.05 - 1.18 
- 2.76 1.84 5.32 0.39 - 0.03 - 1-25 

6.23 0.59 4.73 0.59 0.89 - 0 . 5 2  
- 2.30 - 0.43 2.40 0 0.10 - 0.79 

No te :  The  presence of  negative values of  0211, 0922, in the (2) da ta  indicates tha t  no  real solut ion was capable  of  accoun t ing  
for  the measured  (unsmoothed)  results, for  which high accuracy  was not  claimed. 

T a b l e  2. Comparison o fT ,  ~o for anthraquinone (1)(2) ,  
anthracene and two methyl-l,2-benzanthraquinones, all at room temperature 

Anth raqu inone  

(1) All a toms 
[ 4"30 0"07 0"46 ] /~ 2 [ 29-15 - 0 " 2 0  4.04 ] deg.2 

T 2"98 -0"81  to 1.35 - 0 " 2 0  
2"65 14"14 

(2) Molecule  less oxygen a toms  
[ 4 - 4 6  0.19 0.47 ] A 2 [ 10.1l 0.13 5.88 ] deg. 2 

T 2.88 --0.86 to 0.69 --0-20 
3.37 10.96 

An th racene  (Cruickshank,  1956, 1957) 0011   114 6 
T 2.70 0.06 co 5.03 - 0 . 5 7  

2-66 9.64 [o1  Oll 
tr(T) 0"16 0"17 a(to) 0"77 0"66 

0-29 0"66 

5 -Methy l - l ,2 -benzan th raqu inone  (Ferr ier  & IbaU, 1963a) 

T 4.49 0.02 co 
3.74 

4"95 4"27 ] deg.2 
1 " 5 9  1-34 

6"20 

2 ' -Methy l - l , 2 -benzan th raqu inone  (Ferrier  & Iball, 1963b) 

T 3.59 - 0.20 to 
4.34 

0.46 --3.07 ] deg.2 
5.76 - 0.40 ] 3-25 
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raised the value of the rigid-body libration about the 
long axis from a real semi-amplitude of 3.2 ° to an ap- 
parent 5.4 ° (at room temperature). The results for all 
temperatures are given in Table 1. 

It was thought to be of interest to compare the mat- 
rices obtained (on the assumption of rigid-body vibra- 
tions) for anthraquinone (1) and for anthraquinone 
minus oxygen atoms (2) with anthracene (Cruickshank, 
1956, 1957) and with two methyl-l,2-benzanthraquin- 
ones studied by Ferrier & Iball (1963 a, b). (See 
Table 2). 

The value of e911 is high for both the methyl-l,2- 
benzanthraquinones. Moreover, Ferrier & Iball com- 
mented on the large discrepancy between their calcul- 
ated and observed U33 (u 2 normal to molecular plane) 
for the 0(2) atom in particular; and ascribed this to 
a probable independent libration of the oxygen atom. 
The disadvantage of including in the calculation atoms 
which, by inspection of the observed U~j can be seen 
to have values obviously inconsistent with a rigid-body 
hypothesis is that by doing so all the other T, to values 
are falsified to a greater or less extent. The average 
discrepancy [U~(calc)- Uu(obs)] for the 5-methyl com- 
pound [less U3a for 0(2)] is 0.89 [as compared with 
6.96 for U33 of 0(2)] which is high relative to the stand- 
ard deviation that might be expected in work of this 
accuracy (R=0.082). The average for the 2'-methyl 
compound [less U33 for 0(2)] is 0.60 [as compared with 
5.01 for U33 of 0(2)] which is still rather high. 

This means also that by including the oxygen atoms 
in the calculation a value of o911 is obtained which is 
much too high and the values of carbon atomic co- 
ordinates adjusted for rotational oscillations are cor- 
respondingly over-corrected. In contrast the value of 
the 'corrected' ketonic bond is under-corrected, for the 
independent libration of the oxygen atom normal to 
the molecular plane is not properly allowed for. 

Barker & Marsh (1964), who have recently studied 
the structure of cytosine, 

~ N \  ~o 
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M 

0 8  
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O 

Fig. 1. Numbering of atoms and directions of inertia axes in 
molecule of anthraquinone (cf. Lonsdale, Milledge & El 
Sayed, 1965). 

realized that there are almost certainly large out-of- 
plane, non-rigid-body librations of the ketonic oxygen 
and of the NH2 group about the carbon atoms to which 
they are attached and that a special allowance must 
be made for these in correcting those particular bond 
lengths. 

In the case of anthraquinone, even the moderate ac- 
curacy of the experimental data could not hide the out- 
standing magnitude of the oxygen libration relative to 
the anthracene nucleus. The values of the out-of-plane 
semi-amplitude of libration of the oxygen atom relative 
to the carbon to which it is attached (which is super- 
imposed on the rigid-body librations and translations) 
are approximately 
T +20.5 - 12.5 - 7 2  - 112 - 170°C 
~0 8.8 8.4 7.5 6.9 5.8 degrees 

as deduced from bij values smoothed in respect of 
temperature. These values may be compared with the 
rigid-body libration (o911) ~ which is about 3.2 degrees 
at room temperature. It may be noted that this inde- 
pendent normal libration of the oxygen atom is not 
accompanied by any corresponding normal libration 
of C(1), C(6) etc. such as would be implied by a but- 
terfly distortion. 

A second possible form of independent vibration 
associated with the oxygen atoms of anthraquinone is 
revealed by comparing U(calc) and U(obs) in detail 
for both sets of T, to. Considering the 'errors' e=  
U(obs)-U(calc) ,  as given by a Cruickshank analysis, 
then for rigid-body vibrations ]el should be of the order 
of the average e.s.d, on the U~j (that is, on the u 2) 
values, and .~2 is minimized by the calculation itself. 
This is in fact the case for anthraquinone, when the 
calculation is carried out for the whole molecule, even 
though (as already demonstrated) the results are not 
physically correct. The values of e (for all atoms, for 
all five temperatures) corresponding to Um U22, U33 
(that is to the molecular inertia axes L, 3//, N, which 
are the pseudo-symmetry axes of the molecule) are 
shown in Table 3, together with [el and Z'Ie [. The 'aver- 
age error', 0.466. 10 -2 A 2 at +20.5°C, is very similar 
to the average e.s.d, in u 2, which is of the order of 0.5. 
10-2/~2. 

It is not sufficient, however, to use this value as a 
criterion. The individual values should be studied, and 
if any particular value is large, it should be looked at 
more critically. Measurements made at several temper- 
atures are particularly useful in this connection, because 
they may help to eliminate odd discrepancies which 
are due to inaccuracies of measurement or of data pro- 
cessing. In Table 3, for example, the values of e for 
- 1 2 . 5  ° in particular show some odd large values; but 
these are not repeated at the other temperatures. At 
all the temperatures, however, the values of c(L) [that 
is of Ull(obs)-  Ull(calc)] for oxygen are large and ne- 
gative. 

Table 4 shows similar data, but based now on the 
rigid-body theory as applied only to the carbon atoms 
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C ( 1 ) - C ( 7 ) .  W h e n  t h e  lel a r e  averaged, t h e  m e a n  v a l u e  

is s t i l l  s i m i l a r  t o  t h e  a v e r a g e  e . s . u ,  o f  u ( o b s ) ,  b u t  f o r  

t h e  0 ( 8 )  a t o m  e(L) is s t i l l  l a r g e  a n d  n e g a t i v e ,  a n d  e(N) 
is e v e n  l a r g e r  a n d  p o s i t i v e ,  a t  a l l  t e m p e r a t u r e s .  T h e  

positive e(N) v a l u e s  h a v e  b e e n  e x p l a i n e d  i n  t e r m s  o f  

t h e  i n d e p e n d e n t  o u t - o f - p l a n e  l i b r a t i o n  o f  t h e  o x y g e n  

a t o m  a b o u t  t h e  C ( 7 )  a t o m  t o  w h i c h  i t  is  b o n d e d .  B u t  

t h e  e x p l a n a t i o n  o f  t h e  negative e(L) v a l u e s  m u s t  b e  

m o r e  s u b t l e .  T h e y  c a n n o t  b e  e x p l a i n e d  in  t e r m s  o f  a n y  

positive uZ(L) for the oxygen atom. They can only mean 
e i t h e r  (1 )  t h a t  t h e  o x y g e n  a t o m s  a r e  n o t  s c a t t e r i n g  

s p h e r i c a l l y  ( b o n d i n g  a n i s o t r o p y )  o r  (2 )  t h a t  t h e  w h o l e  

T a b l e  3.  Errors ei A 2 (where i= C ( 1 ) .  • • C ( 7 ) O ) f o r  the five temperatures, 
with Z'/e~[, and ( Z l e ~ l ) / 2 4  (based on the 'whole molecule' analysis) 

T h e s e  va lues  are  ( U u o b s - U i ~ c a l c ) ,  in C r u i c k s h a n k ' s  n o t a t i o n .  

-- 170 - 112 - 72 - 12"5 + 20"5 °C 

C(1) L + 0 - 5 9 3  - 0 . 0 0 8  + 0 . 1 0 1  + 0 . 0 9 4  + 0 . 5 1 9  
M + 0 . 9 2 1  + 0 . 5 8 9  + 0 . 1 8 9  + 1.464 +0-871  
N -- 0-094 + 0.166 + 0.070 + 0.358 + 0.246 

C(2) L + 0 . 1 3 2  + 0 . 2 7 0  + 0 - 1 8 9  + 0 - 7 4 8  + 0 . 1 1 5  
M - 0 . 3 0 8  - 0 . 1 0 1  - 0 . 0 4 6  + 0 . 2 2 1  +0 .131  
N - -0 .158  - 0 . 4 2 9  - 0 . 6 1 9  - 1.058 - 0 . 6 3 9  

C(3) L - 0 . 4 5 8  - 0 . 2 5 3  + 0 . 0 9 3  - 0 . 6 1 6  - 0 - 4 0 7  
M + 0.248 + 0.376 - 0 .144 + 0.258 - 0-703 
N + 0 . 2 3 7  + 0 . 3 0 8  + 0 . 3 8 2  + 0 . 7 0 9  - 0 . 1 4 8  

C(4) L + 0.668 - 0 .094 - 0-390 - 0.297 + 0.211 
M - 0.186 - 0.339 + 0.128 - 0.273 + 0.666 
N + 0-235 + 0.044 + 0.320 + 0.281 + 0.730 

C(5) L + 0 . 3 2 9  + 0 . 2 9 8  + 0 . 1 4 7  + 0 . 4 9 3  - 0 - 0 0 2  
M - 0 .496 - 0.818 - 0.293 - 1.079 + 0.444 
N - 0 . 4 6 9  - 0 " 3 3 1  - 0 - 9 7 8  - 1.030 - 0 . 9 9 3  

C(6) L - 0 . 2 0 3  + 0 " 4 3 9  + 0 " 6 9 7  + 0 " 3 7 4  + 0 . 8 1 8  
M - 0"351 + 0.046 + 0"153 - 0 .624 - 0-369 
N + 0-323 + 0-137 - 0-571 + 0-472 + 0-427 

C(7) L - -0 .261 + 0 . 0 9 1  + 0 . 0 2 5  - 0 . 0 8 4  + 0 . 0 3 6  
M -- 0 .002 + 0-081 + 0" 173 -- 0.045 - 0"683 
N -- 0.268 - 0.069 -- 0.103 -- 0-219 + 0.047 

0 ( 8 )  L - -0 .800  - -0 -742  - -0 .860  - -0 -712  -- 1"290 
M + 0.173 + 0.165 - 0 .160 + 0-078 -- 0"355 
N + 0"193 + 0-174 + 0"356 + 0.488 + 0"329 

S u m  o f  - ve 
va lues  - 4"054 - 3" 184 - 3"593 - 6"037 - 5.589 
S u m  o f  + r e  
va lues  + 4"052 + 3-184 + 3"594 + 6"038 + 5"590 
,Y, led 8"106 6"368 7"187 12"075 11"179 

- -  Z'l~d 0"338 0-265 0"299 0"503 0"466 I~1 = 24 

10-2/~2 

T a b l e  4.  Errors e i = ( U i ~ o b s -  Uucalc) for C ( 1 )  - - - C ( 7 ) ,  and for oxygen (based on the '7-atom" analysis) 
- 170 - 112 - 72 - 12.5 + 20.5 °C 

C(1) L + 0 . 4 9 5  - 0 . 0 9 9  - 0 . 0 1 1  + 0 . 0 0 5  +0 .351  
M + 0 . 7 5 4  + 0 . 4 3 3  + 0 . 0 2 9  + 1.319 +0 .351  
N - 0.197 + 0.074 - 0 .124 + 0-095 + 0-067 

C(2) L - 0 . 0 0 2  + 0 . 1 4 6  + 0 . 0 5 2  + 0 . 6 3 0  - 0 . 0 8 8  
M - 0 .284 - 0.079 - 0.069 + 0.231 + 0-078 
N + 0 . 1 3 8  - 0 . 1 6 1  - 0 . 0 7 6  - 0 . 3 1 5  - 0 . 1 2 9  

C(3) L - 0 . 5 5 6  - 0 . 3 4 4  - 0 . 0 1 9  - 0 . 7 0 5  - 0 . 5 7 6  
M + 0.388 + 0.507 - 0.085 + 0.363 - 0.643 
N - 0-006 + 0.092 - 0 .062 + 0.102 - 0.557 

C(4) L +0.569 -0.185 -0.502 -0.385 +0.042 
M - 0 " 0 4 5  - 0 " 2 0 7  + 0 . 1 8 8  - 0 " 1 6 9  + 0 . 7 2 6  
N - 0 " 0 0 6  - 0 " 1 7 4  - 0 . 1 2 4  - 0 " 3 2 7  + 0 ' 3 2 5  

C(5)  L + 0 . 1 9 5  +0" 173  + 0 . 0 1 0  + 0 . 3 7 5  - 0 . 2 0 5  
M - 0 " 4 7 3  - 0 " 7 9 6  - 0 " 3 1 7  - 1.069 + 0 . 3 9 2  
N - 0"177 - 0.071 - 0 .440 - 0-292 - 0.498 

C(6) L - 0 . 3 0 1  + 0 . 3 4 8  + 0 . 5 8 6  + 0 . 2 8 5  + 0 . 6 4 9  
M - 0"519 - 0"109 - 0.007 - 0.768 - 0.602 
N + 0.216 + 0.042 + 0-381 + 0.209 + 0-246 

C(7) L - 0"401 - 0"039 - 0.116 - 0.206 - 0-172 
M + 0" 180 + 0"251 + 0.263 + 0"094 - 0.582 
N +0"031  + 0 " 1 9 9  + 0 - 4 4 5  + 0 . 5 2 8  + 0 . 5 4 5  

0 ( 8 )  L - 1"071 - 0 " 9 9 4  - 1"095 - 0 . 9 4 0  - 1"625 
M + 0"355 + 0.336 - 0.070 + 0-217 - 0.254 
N + 2"270 + 2"037 + 4" 154 + 5.683 + 3.831 

10 -2 A2 
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anthracene nucleus is moving with a lateral translation 
(along L) relative to the oxygen atoms. (1) seems to be 
ruled out as the main explanation because of the mag- 
nitude of the negative ~(L) value. It is much larger than 
any bonding-anisotropy effect could be expected to be. 
This leaves us with the possibility of an L-translation 
of the whole anthracene nucleus relative to the oxygen 
atoms, which seem to be partially immobilized along 
L by 'bonds' to neighbouring molecules. This move- 
ment could possibly be phase-related to the oxygen 
out-of-plane libration; in which case the assumption 
that we are justified in using u~3 values for purposes 
of calculation would be invalid. There is some evidence 
that where an outer and otherwise 'mobile' atom takes 
part in an 'intermolecular bond', that atom is to a 
certain extent immobilized (the hydrogen atoms in urea, 
for example). The shortest intermolecular bond in an- 
thraquinone (Lonsdale et al., 1966) is that linking C(6) 

(zr~-0), which is 3"33 A of (000) with an oxygen atom of 11 
at +20.5°C and 3.25 A at - 170°C (all other C • • • O 
and C • • • C intermolecular distances at room temper- 
atures are over 3.5 A). It is not unreasonable to sup- 
pose that a large out-of-plane movement of the oxygen 
atom would exert some translatory pull on the anthra- 
cene nucleus of the neighbouring molecules to which 
it is attached by such a relatively strong van der Waals 
force. 

Conclusion 
The results for anthraquinone indicate two methods 

of testing for non-rigid-body vibrations in any given 
molecule for which the axes of libration are known 
with a good degree of certainty. 

(1) First the whole molecule and then limited parts 
of the molecule should be treated as if they were vi- 
brating as rigid bodies about the molecular axes of 
inertia. If there are no independent vibrations then the 
values of translatory and libratory amplitudes should 

be invariant with respect to the number of atoms taken 
to determine them. If they are not invariant then the 
differences can be used to determine the nature of the 
independent vibrations. 

(2) The values of Uidcalc)-Uli(obs) should be ex- 
amined critically, preferably using data for more than 
one temperature, to determine whether any individual 
values are consistently too high to be accounted for 
by experimental error or as artefacts of the calculation, 
even when the average value is well within the expected 
e.s.d. If there are such anomalies, these may provide 
a guide as to which atoms to omit from a 'difference' 
rigid-body analysis of the thermal data. 
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The method due to Bertaut (1952) for calculating interaction energies is extended to include statistical 
distribution of charges on geometric lattices. Explicit expressions are developed for statistically random 
charge distributions and implicit expressions for statistical charge distributions with correlation between 
occurrences of charges. 

Introduction 
Ewald (1921) has developed methods to calculate the 
electrostatic potential of ionic lattices by the use of 

* Present address: Department of Metals and Ceramic 
Engineering, Virginia Polytechnic Institute, Blacksburg, Vir- 
ginia, U.S.A. 

theta functions. The rapid convergence of his series 
makes possible the evaluation of the electrostatic inter- 
action energy and the Madelung constant for ideal ionic 
crystals. Bertaut (1952) by use of faltung theory has 
developed general expressions for the electrostatic 
energy of ideal ionic crystals, which, as a special case, 
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